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Abstract. Multi-agent path finding (MAPF) is the problem of planning a set of
non-colliding paths for a set of agents so that each agent reaches its individual
goal location following its path. A mutex from classical planning is a constraint
forbidding a pair of facts to be both true or a pair of actions to be executed simultaneously. In the context of MAPF, mutexes are used to rule out the simultaneous occurrence of a pair of agents in a pair of locations, which can prune
the search space. Previously mutex propagation had been integrated into conflictbased search (CBS), a major search-based approach for solving MAPF optimally.
In this paper, we introduce mutex propagation into the compilation-based (SATbased) solver MDD-SAT, an alternative to search-based solvers. Our experiments
show that, despite mutex propagation being computationally expensive, it prunes
the search space significantly so that the overall performance of MDD-SAT is
improved.
Keywords: multi-agent path finding, mutex propagation, satisfiability solving
(SAT)
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Introduction

Multi-agent path finding (MAPF) instance is specified by a graph G = (V, E) and a set
of k agents {a1 . . . ak }, where agent ai has start location si ∈ V and goal location gi ∈ V .
Time is discretized into time steps. Between successive timesteps, each agent can either
move to an adjacent empty location or wait in its current location. Both move and wait
actions incur a cost of one, unless the agent terminally waits at its goal location, which
does not incur any costs. A path for agent ai is a sequence of move and wait actions
that lead agent ai from location si to location gi . A conflict happens when two agents
are at the same location at the same timestep (called a vertex conflict) or traverse the
same edge in opposite directions at the same timestep (called an edge conflict). The
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Fig. 1. A MAPF instance with two agents.

objective is to find a set of conflict-free paths for all agents while minimizing the sum
of the costs of these paths (called sum-of-costs). Although MAPF is NP-hard to solve
optimally [19], it has many real-world applications, such as warehouse robots [18] and
quadrotor swarms [7].
A MAPF instance is illustrated in Figure 1. One of the agents (say a1 ) has to wait
until the other agent (a2 ) reaches its goal location since the agents would otherwise
collide in the middle section of G.
Zhang et al. [20] introduced mutex propagation, a technique originally from artificial intelligence planning, to MAPF and used it to identify and efficiently resolve
symmetric conflicts occurred in conflict-based search (CBS) [11], a popular searchbased algorithm that solves MAPF optimally. They used mutex propagation to capture
reachability information for agent pairs and automatically generate symmetry-breaking
constraints, resulting in a branching rule for CBS that is capable of outperforming both
CBS [6] and CBS with handcrafted symmetry-breaking constraints [9].
In this paper, we demonstrate the power of mutex propagation in the framework of
MDD-SAT [16], a popular SAT-based algorithm that can also solve MAPF optimaly.
MDD-SAT expands the underlying graph G in time resulting in a structure analogous
planning graph [4]. A Boolean formula whose satisfying assignments represents MAPF
solutions up to the certain sum-of-costs is then built using the expansion and consulted
to the SAT solver [2].

2

Background

We first introduce mutex propagation in classical planning and in MAPF as well as CBS
with mutex propagation.
Mutex propagation has its origin in classical planning. It is a form of constraint
propagation that corresponds to directed 3-consistency, which in turn is a truncated
form of path consistency [17]. Like all constraint propagation techniques, it makes implicit constraints explicit, and it does so efficiently. Applied to the planning graph [4],
mutex propagation tightly approximates the set of all states reachable from a given start
state in polynomial time [17]. Therefore, it has been successfully used to design reachability heuristics for plan-space and state-space planners [10] and to improve SAT-based
planners [8].
A mutex can be regarded as a constraint forbidding a pair of facts to be both TRUE
or a pair of actions to be executed simultaneously.

Mutex Propagation for SAT-based Multi-Agent Path Finding

3

States in classical planning are expressed as finite sets of ground logic atoms. Actions change states via set operations. Formally, a classical planning action is a triple
of sets of atoms (p, e+ , e− ), called precondition, positive effects, and negative effects
respectively. The action is applicable in state S represented as a finite set of atoms iff
p ⊆ S, and the result of the application is the new state S0 = (S \ e− ) ∪ e+ .
−
+ −
We say that actions (p1 , e+
1 , e1 ) and (p2 , e2 , e2 ) applicable in state S are dependent,
−
−
+
/ In other words,
a basic form of mutex, iff (p1 ∪ e1 ) ∩ e2 6= 0/ or (p2 ∪ e+
2 ) ∩ e1 6= 0.
actions conflict in their precondition and effects. The mutex relation can be inductively
propagated further to atoms: We say that atoms q1 and q2 are mutex iff all pairs of
actions producing them are pair wise mutex and there is no action that produces both
0−
0 0+ 0−
q1 and q2 4 . Similarly, two actions (p01 , e0 +
1 , e 1 ) and (p2 , e 2 , e 2 ) in the next timestep
are mutex iff (i) they are dependent or (ii) there are atoms r1 ∈ p01 and r2 ∈ p02 that are
mutex.
We show one possible representation of MAPF instance, with the move-to-unoccupied rule using classical planning actions. Action move(a, u, v) with a ∈ A and u, v ∈ V ,
−
that moves agent a from location u to location v can be defined as (pmove , e+
move , emove )
(a, u, v) and action wait(a, u), that makes agent a wait in location u, can be defined as
/ 0)
/ (a, u) where:
(pwait , 0,
pmove (a, u, v) = {empty(v), at(a, u)},
e+
move (a, u, v) = {empty(u), at(a, v)},
e−
move (a, u, v) = {empty(v), at(a, u)},
pwait (a, u) = {at(a, u)}.
This representation of MAPF actions naturally rules out vertex conflicts through the
dependence of actions (a pair of agents can collide in a vertex only through a pair of dependent/mutex actions). This first level of mutexes is covered in the compilation-based
MAPF formulations by a constraint permitting at most one agent per vertex. However, the next levels of mutexes obtained through propagation were omitted in previous
compilation-based approaches, such as MDD-SAT and others [15].
2.1

Mutex Propagation in MAPF

Multi-valued decision diagrams (MDDs) for MAPF were introduced in [12]. An MDD
of l + 1 levels for agent ai (denoted MDDi ) is a directed acyclic graph that consists of
all paths of cost at most l for agent ai . The nodes at level t in the MDD correspond to all
locations at timestep t on these paths. A node vt in MDDi represents a copy of location v
at level t, while a directed edge (ut , vt+1 ) in MDDi represents a copy of edge {u, v} ∈ E
between level t and t + 1. There are only one node at level 0 and one node at level l + 1,
which correspond to the start location si and the goal location gi , respectively, of agent
ai .
MDDs are constructed for single agents and essentially capture reachability information similar to planning graphs in classical planning. Therefore, mutex propagation
4

No operation actions (noops) are usually assumed for each atom q where noop(q) =
/
({q}, {q}, 0).
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Fig. 2. MDDs for a1 and a2 from Figure 1 for sum-of-costs = 3. Mutexes form a biclique between
nodes of MDD1 and MDD2 .

is used on MDDs in [20] to capture reachability information for agent pairs. Two MDD
nodes ni and n j at the same level t of the MDDs of two different agents ai and a j are
mutex iff any path that moves agent ai from its start location si at timestep 0 to the location of ni at timestep t has at least one conflict with any path that moves agent a j from
its start location s j at timestep 0 to the location of n j at timestep t. The definition of
MDD edges being mutex is similar. Any pair of MDD nodes (edges) that corresponds
to a vertex (edge) conflict is mutex (called initial mutex), and any pair of MDD nodes
(edges) whose incoming edges (source nodes) are pairwise mutex is also mutex (called
propagated mutex).
2.2

Conflict-Based Search with Mutex Propagation

Conflict-based search (CBS) is an optimal two-level search-based MAPF algorithm.
The low level plans shortest paths for all agents (each one ignoring the path of other
agents) that satisfy the spatio-temporal constraints introduced by the high level, while
the high level searches in a constraint tree (CT) and resolves the conflicts between
agents by adding constraints. The root CT node contains no constraints and a shortest
path on graph G for each agent. When expanding a CT node N, CBS first checks for
conflicts among the paths of N. If the paths are conflict-free, CBS terminates and returns
the paths. Otherwise, CBS chooses a conflict and resolves it by generating two child
CT nodes that inherit the constraints and the paths of N. For each child CT node, CBS
first adds a new constraint that prohibits one of the agents from using the conflicting
vertex/edge at the conflicting timestep and then calls the low-level search to replan a
path for this agent. CBS guarantees optimality by performing best-first searches on
both its high and low levels.
CBS was improved by using MDDs with mutex propagation in [20] to identify and
efficiently resolve cardinal conflicts, a type of conflict where all pairs of shortest paths
of the two conflicting agents have at least one vertex or edge conflict. CBS can try many
combinations of these shortest paths, which results in many CT nodes expansions. CBS
using MDDs with mutex propagation, on the other hand, immediately identifies such
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cardinal conflicts and generate two sets of constraints (instead of two single constraints)
to resolve them with a single CT node expansion. It significantly outperforms both
CBS [6] and CBS with handcrafted symmetry-breaking constraints [9].

3

SAT-Based Approach: MDD-SAT

MDD-SAT first builds MDDs for individual agents with regard to given sum-of-costs
ξ. The number of levels µ for the MDDs is µ = µ0 + (ξ − ξ0 ) [16], where µ0 is a lower
bound on the makespan calculated as the maximum length of the shortest individual
paths of the agents from their start locations to their goal locations and ξ0 is a lower
bound on the sum-of-costs calculated as the sum of lengths of the shortest individual
paths.
A propositional variable is introduced for each node and edge in the MDDs. We
t (a ) to denote the
use Xvt (ai ) to denote the variables corresponding to nodes and Eu,v
i
variables corresponding to edges. The meaning of the variables reflects the correspondence between the existence of directed paths connecting from the start nodes to the
goal nodes in the MDDs and the existence of a solution to the MAPF instance. Xvt (ai )
t (a ) is TRUE iff agent a
is TRUE iff agent ai is in location v ∈ G at timestep t and Eu,v
i
i
moves from location u to location v at timestep t.
The MAPF movement rules are encoded as clauses using these variables. Satisfying
assignments correspond to directed paths in MDDs due to the following constraints for
all agents a ∈ A and locations u, v ∈ V and timestep t ∈ {0, 1, ..., µ − 1}. Intuitively, the
constrains express that, if an agent is in a location at timestep t, it must leave via exactly
one directed edge and appear in the target location of the edge at timestep t + 1:
_

Xut (ai ) ⇒
vt+1

t
Eu,v
(ai )

| (ut ,vt+1 )∈MDD

t
Eu,v
(ai ) ≤ 1

∑

(1)

i

(2)

vt+1 | (ut ,vt+1 )∈MDDi

_

Xvt+1 (ai ) ⇒
ut

| (ut ,vt+1 )∈MDD

t
Eu,v
(ai )

(3)

i

t
Eu,v
(ai ) ≤ 1

(4)

t
Eu,v
(ai ) ⇒ Xut (ai ) ∧ Xvt+1 (ai )

(5)

∑

ut | (ut ,vt+1 )∈MDDi

The following constraint is defined for all locations v ∈ V and all timesteps t ∈
{0, 1, ..., µ}:

∑
t

Xvt (ai ) ≤ 1

(6)

ai ∈A | v ∈MDDi

Constraints (1-5) ensure that paths in the MDDs are represented. Constraints (1)
and 2 state that if an agent is in a location it must leave it via exactly one outgoing edge.
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Similarly, constraints (3) and (4) state that, if an agent is in a location then it must arrive
there via exactly one incoming edge. Constraints (6) encode conflict avoidance. It states
that at most one agent is in a location v at a timestep t.
All pseudo-Boolean at-most-one constraints are expressed as clauses. One possible
representation of this constraint is a clique of binary clauses that forbid agents ai and a j
to be in location v at timestep t: ¬Xvt (ai ) ∨ ¬Xvt (ai ).
Finally, the bound on the number of edge variables set to TRUE can be represented
by a cardinality constraint [3, 13] that ensures that the sum-of-costs of the represented
solutions is at most ξ (see [16] for details). Altogether, we construct a Boolean formula
F (ξ) that is satisfiable iff the MAPF has a solution with sum-of-costs ξ. Due to the
construction of F (ξ), a MAPF solution can be read off from a satisfying truth-value
assignment of F (ξ), which can be found by an off-the-shelf SAT solver [2].
Solution to the MAPF instance with minimal sum-of-costs corresponds to the first
satisfiable Boolean formula in F (ξ0 ), F (ξ0 + 1), ... since the satisfiability of F (ξ) is
monotonic in ξ.
3.1

Mutexes in SAT-Based Solver

Mutex propagation can be integrated into the MDD-SAT solver at the stage of construction of the MDDs. The knowledge of which nodes are mutex in MDDs can be reflected
in the construction of F (ξ) via binary clauses.
Assume that nodes ni and n j the MDDs for agents ai and a j respectively are mutex at
timestep t. Then, we add clause ¬Xnti (ai )∨¬Xnt j (a j ) to F (ξ), which directly follows the
definition of two nodes being mutex by stating that ai and a j cannot be in the locations
of nodes ni and n j respectively at timestep t.
To understand the role of mutexes in Boolean formulae, we study them in relation
to unit propagation (UP) [5], a standard technique implemented in SAT solvers. UP is
a form of resolution inference that extends the partial consistent assignment of truth
values to Boolean variables. In a clause, in which all literals but one are FALSE by the
partial assignment, the last literal must be TRUE for the clause to be TRUE.
When mutexes are expressed as binary clauses, setting Xut (ai ) to TRUE enables UP
to infer that Xvt (a j ) is FALSE due to clause ¬Xut (ai ) ∨ ¬Xvt (a j ). Sometimes the same
inference can be made without having the mutex clause.

u
a1

G=(V,E)

w
a2

u
a1

G=(V,E)
x’

x

w
a2

v

v
y

y’

Fig. 3. Unit propagation cannot simulate mutex propagation due to branching.

Consider a corridor consisting of three locations u, v, and w. Agents a1 and a2
are trying to move through the corridor from opposite directions (Figure 3 left). After
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constructing the MDDs for 2 timesteps we have the Boolean variables Xu0 (a1 ), Xv1 (a1 ),
Xw2 (a1 ), Xw0 (a2 ), Xv1 (a2 ), and Xu2 (a2 ) as well as the corresponding variables for the
edges (omitted) (Figure 4). There is a conflict at timestep 1 since the agents would
collide in location v. Mutex propagation hence discovers that agent a1 cannot be in
location w at timestep 2 if agent a2 is in location u (timestep 2) resulting in the mutex
clause ¬Xw2 (a1 ) ∨ ¬Xu2 (a2 ). Setting Xw2 (a1 ) to TRUE propagates to setting Xu2 (a2 ) to
FALSE via UP. However, the same effect can be achieved without having the mutex
clause.
1 (a ) (3) via UP,
Assume again that Xw2 (a1 ) is set to TRUE. Through ¬Xw2 (a1 ) ∨ Ev,w
1
1
1
1
Ev,w (a1 ) is set to TRUE. Then, through ¬Ev,w (a1 ) ∨ Xv (a1 ) (5) via UP, Xv1 (a1 ) is set
to TRUE. Through ¬Xv1 (a1 ) ∨ Xv1 (a2 ) (6) via UP, Xv1 (a2 ) is set to FALSE. Through
1 (a ) ∨ X 1 (a ) (5) E 1 (a ) is set to FALSE. Finally, through ¬X 2 (a ) ∨ E 1 (a )
¬Ev,u
2
2
v
v,u 2
u 2
v,u 2
(3) via UP, Xu2 (a2 ) is set to FALSE (we note that different propagation chains can be
used to obtain the same outcome).
We were quite fortunate in the above example because all relevant clauses were
binary, and UP propagates very well through them. In general, however, UP is less
powerful than mutex propagation, as formalized in the following proposition:

MDD1
a1
Xu0

Eu,v

0

MDD2

Xv1

Ew,v0

Ev,u1

Ev,w1

Xw2

Xu2

Xv1

a2
Xw0

Fig. 4. Mutex propagation simulated by unit propagation.

Proposition 1. Formula F (ξ) built using MDDs with mutex propagation allows for
strictly stronger Boolean constraint propagation than the formula without mutexes.
Proof. Consider a corridor with branching (Figure 3 right) consisting of locations u,
x, y, (x and y form the first branch) v, x0 , y0 , (x0 and y0 form the second branch), and
w. Two agents a1 and a2 start to move in opposite directions from u and w respectively leading to a conflict at location v at timestep 2. After building MDDs, we obtain
the Boolean variables representing agents’ locations Xu0 (a1 ), Xx1 (a1 ), Xy1 (a1 ), Xv2 (a1 ),
Xx30 (a1 ), Xy30 (a1 ), and Xw4 (a1 ) for agent a1 and Xw0 (a2 ), Xx10 (a2 ), Xy10 (a2 ), Xv2 (a2 ), Xx3 (a2 ),
Xy3 (a2 ), and Xu4 (a2 ) for agent a2 (see Figure 5).
Mutex propagation starts at the conflict at timestep 2 from which it discovers mutexes between agent a1 being at locations x or y and agent a2 being at locations x0 or y0
at time step 3, expressed by mutex clauses ¬Xx30 (a1 ) ∨ ¬Xx3 (a2 ), ¬Xx30 (a1 ) ∨ ¬Xy3 (a2 ),
¬Xy30 (a1 ) ∨ ¬Xx3 (a2 ), and ¬Xy30 (a1 ) ∨ ¬Xy3 (a2 ). Then, due to having no pair of mutex
free actions delivering agents to their goal locations at timestep 4, mutex propagation
infers a mutex between agent a1 being at location w and agent a2 being at location u at
timestep 4, expressed by a mutex clause ¬Xw4 (a1 ) ∨ ¬Xu4 (a2 ).
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Fig. 5. MDDs consisting of 4 timesteps for agents a1 and a2 from Figure 3.

If Xw4 (a1 ) is set to TRUE, then UP sets Xu4 (a2 ) to FALSE due to the last mutex
clause. Now assume again that Xw4 (a1 ) is set to TRUE without having mutex clauses.
Xw4 (a1 ) occurs in clauses: ¬Xw4 (a1 ) ∨ Ex30 ,w (a1 ) ∨ Ey30 ,w (a1 ) (3), ¬Ex30 ,w (a1 ) ∨ Xw4 (a1 ) (5),
and ¬Ey30 ,w (a1 ) ∨ Xw4 (a1 ) (5). UP however does not propagate from this point towards
timestep 3 since none of the affected clauses becomes unit. 
3.2

Experimental Evaluation

We integrated mutex propagation into the existing C++ implementation of MDD-SAT,
which uses the Glucose 3.0 SAT solver [1]. MDD-SAT with and without mutex propagation (denoted MDD-SAT-MTX and MDD-SAT respectively) were compared with
respect to their runtime on a number of MAPF scenarios from movingai.com [14].
Success rate results are shown in Figures 6 and 7. We used 25 MAPF instances per
number of agents having random start and goal locations. The success rate corresponds
to the percentage of MAPF instances (out of 25) solved within the time limit of 300
seconds.
Mutex propagation is beneficial across all tested MAPF scenarios. Although a significant amount of time is spent on the mutex propagation itself, the resulting runtime
savings during SAT solving phase will eventually result in overall shorter runtimes.
Although the improvement cannot be considered a breakthrough in these preliminary
experiments, our results demonstrate the promise of mutex propagation for SAT-based
MAPF solvers.

4

Conclusion

We integrated mutex propagation into MDD-SAT, a sum-of-costs optimal SAT-based
solver for MAPF. Our experimental evaluation showed that mutex propagation, despite
it is substantial computing overhead, can improve the efficiency of MDD-SAT for several MAPF scenarios. Out theoretical analysis showed however, that mutex propagation
in some cases is entailed by unit propagation, a built in Boolean constraint propagation
in most modern SAT solvers. Hence, we plan to investigate in future research how to
adapt MAPF encodings to simulate mutex propagation via unit propagation.

Mutex Propagation for SAT-based Multi-Agent Path Finding
Success Rate | random-32-32-20

1

1

0,8

0,8

Success Rate

Success Rate

Success Rate | empty-16-16

0,6
0,4

MDD-SAT-MTX
0,2

0,6
0,4

MDD-SAT-MTX

0,2

MDD-SAT

MDD-SAT
0

0
0

4

8 12 16 20 24 28 32 36 40 44

0

Number of Agents

Success Rate | room-64-64-8
1

0,8

0,8

0,6
0,4

MDD-SAT-MTX

0,2

4

8 12 16 20 24 28 32 36 40 44 48

Number of Agents

Success Rate | room-64-64-16

1

Success Rate

Success Rate

9

0,6
0,4

MDD-SAT-MTX

0,2

MDD-SAT

MDD-SAT
0

0
0

4

8

12

16

20

24

28

32

Number of Agents

0

4

8

12 16 20 24 28 32 36 40

Number of Agents
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